Diferencidlne rovnice — zbierka prikladov.
Separované diferencialne rovnice

- jeunich charakteristické oddelenie funkcie od x od funkcie od y:

P(x) +Q(y)xyt=

¢P(x)ax+ ¢Q(y)dy =¢c c je kondtanta
Priklad ¢.1:
X + y Xy¢: 0

1+ \/1+ e

VI+x2 =t [/ J1+y*=u
0 0 y ~dy=c/ 1+x°=t’ 1+y? =u?
V1+ y’ 2xdx = 2tdt

2ydy = 2udu
07 dx + O\/jzdy =C

1 u

14 dt+—‘ du=c
20750,
c‘plt+c‘plu:2c
t+u=2c

V14X +41+y? = 2¢

Priklad ¢.2:

2yy¢- 4x* =0
O 4x°dx+ (Rydy =c

- 4EX4+23y2 =C
4 2

yz_ X =¢
y=+c- x'
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.3:

izcos£+y¢: O/yEQQ:S/xl 0
X X ePg

c‘écosldx+c‘ply:k/t: 1
X X

x
- postdt +y =k P dt=-—x
1
y=c+sn=
X
3=c+snP
2

3=c+1lb c=2

y:2+sinE x10
X
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Diferencidlne rovnice — zbierka prikladov.

Separovatel’né diferencialne rovnice

Ing. DuSan Botka

charakteristické zmieSanymi funkciami od x a od y. Po jednoduche Uprave

dostavame separovanu diferencialnu rovnicu:

R(x):R(y)+Q(x)>Q,(y)>yc=0

dx+Q=7dy=c; cjekonstanta
%R (v)

1- X 1+Xi

¢
C‘E—Z +-2 g+ c‘)ldy: c
y
2

Ok gLdy =c
2+1- x 251+ x 03_/y

1 1
- Eln|1- x|+§ln|1+x|+ln|y| =c

In|1+ x|% - |n|1- x|% + |n|y| = c/c =Inc

1+X .
In,[/—— +1 =1
n/l_x+ n|y| nc

e 1+x
In|y| =Inc - In T x
_ * 1' X
In|y|-|nc +In‘/—1+x

:C*X
y 1+X

&
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢&.5:

x2yt- y=0 prex=-2,y=4
l-iy(]):()
Xy

1 1
A—-dx- A—-dy=-1Inc
0% 0

Inx-Iny=-1Inc
Iny=Inx+Inc

Priklad ¢.6:

Xy(+y=0; prex=-2; y=4

1 1
A-dx+ A-dy =Inc
O B+ oy
Inx+Iny=Inc
Iny=Inc- Inx

_C
y__
X
4:i
-2
c=-8
-8
y__
X
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢&.7:

X{1- y) = (1+ x)xy¢
xq{1- y)- (1+x)xy¢=0

L-}--_ly(t:()

Xx+1 1-vy

< X dx+‘_1d _JI+x=t b x=t-1
Ox+1 Oi-yy_ dx = dt

t- Inft|+In[l- y|=c

1+x- Infl+X+Inl- yj=c / c-1=c

- Infl+x+Inl- y=c

InL- yj=c" - x+Inl+x / x=Ine"

Inl- yj=c - Ine*+InL+x  /{-1) /" =Inc,
- Infl- y|=-Inc, +Ine* - In1+ X

X

e

¢, {1+ x)
In ! =In e
1-y G X(1+ X)
1 €
1-y ¢ {l+x)
PRCL AL
e

- In|1- y|:ln

y
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.8:

x*y¢+y=0
iz+£y¢20
Xy

1 1
A—dx+A-dy=Inc
O 0, ¥
-1
—+Iny=Inc
X

1
Iny=Inc+—
X

1
Iny=Inc+Inex

y=cx/e
Priklad ¢.9:

2y&/x =y

2yt/x- y=0

1 1
= T ye=0

2%y’

1.3, <1
= dx - dy=-1Inc

2 0% 0p Y
Jx-Iny=-1Inc
Jx+Inc=Iny
Ine&+lnc:Iny

y=cxe’*
Priklad ¢.10:

x*y¢ 2y =0

y X

2 1

- O=dx+-dy=c

Oy O+ O,

x?+Iny=c

c-i 1

=) x* c=Ink b :kxz—

y y e
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Diferencidlne rovnice — zbierka prikladov.
Homogenne diferencidlne rovnice

- zavddzame novu premenn u.

ye= f(x)
ye¢= Faeyt)

(;—T
exXg

u=X P y=ux
X

y¢=uk+u

Fdu)=uk+u

Priklad ¢.11:

X- y+xy¢=0 /%

1- X+y¢:O /u:y; y¢=uk+u
X X

1-u+u+u&=0
1+ux=0 ¢0 je separovatel’'na diferencidna rovnica

—+u¢=0 ¢o je separovana diferencialna rovnica
X

c‘)}(dx+ c‘plu =cC

Im4+u:c
y.
In|x|+X c
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad &.12:

yz-xy+(xz+xy)y¢=O /%

2 2

Y_Z Y X +2ny¢:O

X X X

2 T

LZ-X+3’1+19y¢:0 /u=y; y¢=u+uk
X X e Xg X

2. u+(1+u){u+uk)=0
Z-u+u+uk+u®+ubix=0
2u? +(1+u)xu¢=0

g+1+u

X u?

cC C

ut=0

c‘)%dx+ c‘)1+—2udu =C
X u

2injx|+Inf -+ = ¢

Y
X

X
-—=C

2In|x| +In
et

2InX| +Inly|- Injx|- Z=c
y

|m4+ww-§=c

X
Injxy| =c+=
y
c+X
Inxy =Ine ¥
c+X
e y
y:
X
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.13:

1
(x- y)y& y=0 />§

8’1-19{y¢f¥:0 />¢u=y; y¢=u+uk
e Xg X X

(1- u)qu+u%)- u=0
uk+u- utbx- u*-u=0

ukx1- u)- u>=0
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.14:

1+u?- 2u(u+xud=0
1+u®- 2u®- 2xuu¢=0

1
1- u?

1- u?- 2xuut=0 /
1- 2™ ye=o /1
1-u X
2u

u

u¢=0

2
-

1.
X 1-

1 2u _
O;dX“L Wdu =Inc
In|x|+|n‘1- uz‘ =Inc
In‘l- uz‘ =Inc- In|x|

c

In‘l- uz‘ =In
X
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢&.15:
1
2xy- (x*- y?ye=o /o
5 .
2y_§_ yzgy =0 /u:y, y¢:U+XU¢
X X [} X

2U- U- xuC+u®+xu?ut=0

u+u3+xu((u2- 1)20 /1

u+u?

2
1+xu¢%20

u+u
1 u®-1
—+ 3u¢:O
X u+u

2
Lo+ a'  Lau=inc
O X+ Q3

In|x|+c‘)a§£+ 2u29duzlnc
e U l+u‘g

In|x| - In|u| + In‘1+ uz‘ =Inc

Inx- In

14
32

+1In =Inc

Y
X
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.16:
e xlyeo /2
Xy+{y” - xy+x7)y¢=0 el

gf +1 y¢—0 /u=

u+(u -u+1)>(u+xu<I):O
u+u®+xu?ut u?- xuut+u+xut=0

X <

2u+u®- u? +xudu? -u+1 / /
-u?+2u
1 2. u+1
—+%U¢=0
X Uu’-u-+2u

ALys u”-u+l du=c

0, O w?+2u

Integral podl'a du budeme riesit’ pomocou rozkladu na parcialne zlomky:
A, ButC _ Au®- Au+2A+Bu®*+Cu _ u®’-u+l

u u’-u+2 uqu?- u+2) uu?- u+2)

Au®+Bu®=u’b %+B:1D B:%

- Au+Cu=-ub -£+C:-1p C:-E
2 2
2A=1pP A=l
2
Pokraéujemev rieSeni integréov:
In|x|+ u—:Lgdu Inc
2 eu u’-u+2g
In|x|+—|n|u| 4 a—:l Qu=Inc
e2 u? u+2g
In|x|+_ln|u|+—ln‘u2 -u+2- —arcth:Inc
2 4 J7 J7
1y oy, 2 2,1
In + ZIn=- = +2- ——arct =Inc
|X| 4 XZ X ‘ \/7 g \/7

2y- X
J7x

2
Inix{- =In[x|+=In|y|+=In +2x°|- =In|x"| =Inc+—=arct
|X||||Y|\y><y\H\/—g
In‘\/ﬂﬂn“
Jy Ry - xy+2x? = cmxp%arctg 23//7_:

—actg
=Inc+Ine’” ™

- Xy +2x°
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.17:

gi- ngd‘r 1- Y=o /u:y ; y¢=u+xut
& Xg X X
(1- u){u+xud-1-u=0
u+xu¢ u®- xuut 1- u=0
-1-u?- xuu-1)=0
, 11
1+u?+xufu-1)=0 /xTx =
X 1+u
1+ u_:Lu¢:O
X 1+u
1 & u 1 0
dx + - ——du=Inc
Oi c%1+u2 1+u’ g
1 2 _
In|x|+§ln1+u ‘ arctgu =Inc
1.y y
In(X +=Inl+=— - arctg==Inc
|X| 2 XZ gX
In|x|+%|n x? +y2‘- In|x] - arctgzzlnc
X

Iny x> +y?> = Inc+arcth
X
y

actg =~
In{yx*>+y? =Inc+Ilne *

y
arctg =
x> +y?=cxe x
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Diferencidlne rovnice — zbierka prikladov.

Linearnediferencialnerovnice

y¢+ p(x)y =0 /X%

l¢+ X)=0

v p(x)

In|y = - gp(x)dx+Inc
y:C>e- op(x)dx

y=ax X% g (- ¥ ¥)

a=a(x)
Spravou stranou:  y¢+ p(x)y = g(x)
Najprv rieSime homogénnu rovnicu (bez pravej strany), potom:
yi=ave O 4 O . plx)
dosanime do pévodnej rovnice za y¢ g zay:

A o) rase Ap(x)dx ><(- p(x)) + p(x) s 36" Pk _ g(X)
ate " = g(x)

at= —_%E()jdx = g(x)>e
e

Op(x)dx

a = cp(x) e

< Op(x)dx U - Op(x)dx
(x) " dx + ki e

H

> (D

y:
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.18:

yC+ 2y =¥ Nagjskor budeme riedit homogénnu rovnicu, t.j. bez pravej strany:
y(+2y=0

2+1y¢:O
y

O2ax + C‘);L—/ dy =Inc

2x+Iny=Inc

Iny=Ine* +Inc

y=cxe >

y =a (x)xe"?*, ¢o je rieSenie homogénnegj diferenciéingj rovnice. Pokracujeme v rieSeni
dang rovnice s pravou stranou:

y¢=ad(x)xe? - 2e*a (x) Dosadime do pdvodnej rovnice za y( & zay:

ad(x)e > - 2e'%a (x)+2e%a (x) = e

af(x) = >

a (x) = g™ adx

a (x) = %es’x +k kde k je integracna konstanta. Tento vysedok dosadime do rieSenia

homogénngj linedrngj diferencidingj rovnice ato je naSe h'adané rieSenie:

él u_.
yZS’EeSX+k’>e2X

H
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.19:

xye y=x* /*3
X

y¢ X:x

X
X y
1 1
A-dy- a-dx=Inc
0, %" 8,
Iny-Inx=Inc
y =cx

y =a (x)x
y(=a((x)x+a(x)  Podedné dve rovnice dosadim do upraveng povodnej
diferencidngj rovnice:

at(x)x+a (x)- %a(x)x: X
a¢(x):1
a(x)= Odx =x+k

y =[x+ k]xx
Priklad &.20:

xy¢ 2y = x%e* /

x X
<

ye Ey = x’e"
X

N 2
O;/ dy - O; dx=Inc
Iny- 2Inx=Inc
y=cx’
y =a (x)x?
y¢=adx)x* +2a(x)x  Posedné dve rovnice dosadim do upraveng povodnej
diferencidngj rovnice:

a®(x)x? +2a (x)x- éa (x)x? = x%e*

ad(x) = e*
a(x)=cpldx=e +k
y= [eX +k]><x2
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.21:

xyCt+y=x+1 />&
X

y x+1
e+l =""-
y X X
y¢+X=O />&
X y
iy(l::_l
y X

1 1
—dy =-A-dx+Inc
0, 4= 0

Iny=-Inx+Inc

Ing. DuSan Botka

c
y = —

X

a(x
y =—)

X
y¢:w Podedné dve rovnice dosadim do upraveng pbvodne
X

diferencidngj rovnice:
al(x)x-a(x), 1a(x) _x+1

NG X X X

a¢(x):x+1

a(x):dx+1)dx:%x2 +x+k

y:glxz +X+klilxl
&2 X

H
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.22:

(x2 +1)ye+ axy =1

y x“+1 x°+1
1 4

-y ZX =0

y X +1

‘1dy:- O = ax dx+Inc
O)_/ X +1

Iny:-2ln‘x2 +ﬂ+|nc

i
e

¢= a¢(x)(x2 +1)2 - 2a (X)(XZ +1) - a¢(X2 +1)' 4xa

y

o)

e +1)
do upraveng pévodnegj diferenciding rovnice:
afj’+1)-4xa  4x  a _ 1
(X2+1)3 X2+1(X2+1)2 2 +1
at=x*+1

a=dx2 +1)dx:%x3+x+k

y:%x3+x+kgx;

ey
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad &.23:
(2x+1)yc+y=x
y _ X
2x+1 2x+1
yo+ L
y 2x+1

yo+
1

1
Iny+§ln|2x+]j =Inc

Iny=-Iny2x+1+Inc

_C
_\/2x+1
__a(x)
V2x+1
afxh/2x+1- a ()3%& aty2x+1- \/_
y¢= 2x+1 - 2x+1 Podledné dve rovnice
2x+1 2x+1
dosadime do upravenej pévodnej diferenciding rovnice:
a¢\/2x+1_ a + a _ X
2x+1 («/2x+1)3 («/2x+1)3 2x+1
X
at=
V2x+1
dx t-1
:«/2x+ 2
t-1 - 5
Y el 19
a:c‘)Lﬂzi‘ng_ il_dtzl‘ 2 .t 2:dt
\/E 2 2 %2 A2 g 4 7]
&2 10
152 t2°
== - _—T+k
4¢3 1:
2 29
:E\/_s_ E\/E-}-k

:%w/(2x+1)3 - %«/2x+1+k:E«/2x+18§(2x+1)- 19+ k
o

y:%«/2x+18%(2x+1) 19 +k e 1
e

e u A2x+1
X- 1+ k
3  J2x+1
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Priklad ¢.24:
2x 2xF ; . . . . .
yC+ Y= > RieSme homogennu diferencialnu rovnicu, t.j. bez pravej strany.
1+x 1+x
l(:_ 2X
y 1+ x?
Iny=Inc- In‘1+ xz‘
. c
y= 1+ X2
_a(x)
y= 1+ x2
yo= L+ xz)a¢(x)-22xa (x)
L+ x?)
(L+x2)ad(x)- 2xa (), 2x alx) _ 2x
[+ x2)f 1+x2 1+x*  1+x?
ad(x) _ 2x?
1+x2 1+x°
a®(x) = 2x?

—xX>+k
y= 1+ x?
o2 Lk
y 3(1+x2) 1+ x?
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Bernouliho diferencialnerovnice

yo+ p(x)y=g(x)y* /xy*
&y + p(x)y** = g(x)

Z:yl-a

z¢=(1- a)y *y¢
z¢

= =vyaye
1-a y'y
Z(

ot p(x)z=g(x) ¢o jelinedrna diferencidna rovnica

Priklad ¢.25:

Xyt y=xyt  [xy
Xyt y* =x*
Z:yl-(-l) :yz

Inz=2Inx+Inc
z=cx?

z=a (x)xx
z¢=a¢(x)xx? + 2xa (x) Posledné dve rovnice dosadime do rovnice (1).
2a (x)»x?

2

a®(x)xx? +2xa (x)- = 2x

ad@:é

a=2Inx+k=Inx*>+k

z= (Inx2 +k)x2 =y’

y =xyInx® +k
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.26:

y¢+——f—-y /&y

y& 2+

y@+X)
7= yl-Z - y-l
2¢=-y ?yth yt=-y®z¢

Cyryiztef =1
Yyt —

26 1sz =1 (1)

RieSime homogénnu diferencidnu rovnicu, t.j. bez pravej strany:

26 % =0
1+x

z¢ 1

z 1+x

Inz=Inc+In[1+x

z=all+X

z0= a((1+ x) +a

Posledné dve rovnice dosadime do rovnice (1):

agl+x)+a- _a(1+ x) =
1+X
a¢:i
1+ X

a= In|1+ x|+k

= (InfL+ x| + k) XL+ x)
1
(Inf1+ x|+ k) {1+ x)

y:
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢&.27:

1
xy¢ 4y =x2[y /><y'2
1 1

xy 2yt dy2 =x?

NI

=Yy
1 -1 1
z¢:§y 2yCph y¢=2y27¢
1 1
Xy 222872 - 4z = x>
2xz¢- 4z = x*

z¢ Ezlx
X 2

Dalgj rieSime homogénnu diferencidnu rovnicu, t.j. bez pravej strany:

Inz=2Inx+Ina (x)
z=x%a (x)
z¢=2xa (x)+ x*a ¢(x)

Ing. DuSan Botka

Podedné dve rovnice dosadim do diferencialng rovnice s pravou stranou:

2
2xa (x) + x*ad(x)- 2x'a () =1y
X 2
x2a¢(x):%x
-1
a¢(x)— 2X

a (x):%lnx+k
z= (In\/§+k)x2
y% = (In\/§+k)x2
y= (In\/;+k)2x“
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Ortogonalnetrajektorie

- Hradéme trajektorie, ktoré pretingjGi krivky v uhle %

AVAW.

AVANANY,

<
7 ,.-'"{ /

F :F(x,y,z)

FZ+F’1 0

Fixy.2)- Fi(x y,2)ye=0
F(xy,2)=0
x*+y*-a*=0 ; a!o
Pz +4y?1 0 okrem bodu [0,0]
F, =2y ’
2y- 2xy(=0

y- xy¢=0

1 y%

Xy

y =X
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Diferencidlne rovnice — zbierka prikladov. Ing. DuSan Botka

Znizovanieradu diferencidlnych rovnic

y" = g(x)
y" ¥ = ep(x)dx +c,

y(n_ 2) — @(n- l)dX + CZ = dm(x)dx + Cl )dX + CZ
M

yi) = (‘)y("' el + G

M

y=oyéx+c,

Priklad ¢.28:
y¢=6x- iz
X

106
¢= o&ox- = Ux+c
y Ge XZg 1
y¢=3x* +£+cl
X

R 1. .0
yzo;a%x2 + = +c, Hx+C,
e X g

y=x’+Inx+cx+c,

Priklad ¢.29:
yC=x+dnx

yt= ¢fx+sinx)dx+c,
y¢:%x2 - COSX+C,

&l 0
y = (= X° - cosx+c Hdx +c,
e2 2

1 .
yzgx"‘- snx+cXx+c,
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.30:

yt=2x° ; y(0)=2; ydo)=1
y¢= px’dx +c

y¢:%x4 +C,

_1.s
y=15% +C,X+C,

2:1—1005+010+c2

1:%04 +c

c, =1
c,=2

1.s
=—x +x+2
Y 10

Priklad ¢.31:

Xy((- y(:O
substiticia: y¢=ub ut=y€
xu¢- u=0
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.32:

y@¢ J1- y¢ =0
subgtiticia: y¢=ubp ut=y®

ut- y1- u? =0

uc _1=0
1- u?
07‘ ue du - @dx 0
N1- u?

arcsinu =c+x
u=sin(c+x)
y¢=sin(c+x)

y = ¢pin(c + x)dx
y = - cos(c + x)+k

Priklad ¢.33:
(

y& L= 2

X
substiticia: y¢=ub ut=y€
ue- 4 =x2

X
¢

U_ - l =0
u X

Inu=Inc+Inx
u=cex |/  c=c¢x)
ut=ck+c
ck+c- =y
X

ct=x
c=£x+k

2
u= (O,5x+ k)x =y¢
y= dO,SxZ +kx)dx+q

1..,.1, ,
==X+ =kx* +
y 3 5 q
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Priklad ¢.34: Zisti, ¢i si danérovnicelinearne zavidé: y, =3x- 7 ; 'y, =2x+5

f ()
Pouzijeme Wronskyjan: W = |1f (x,) 9f(x,)

|, 1, |
13- 7 2x+
3 25‘
W =2(3x- 7)- 3(2x+5)
W =-29

W10 b silinedrne nezévidé.

Priklad ¢.35: N§di linedrnu diferencidlnu rovnicu bez prave] strany, ak je dany

fundamentalny systémrieSeni: y, =1 ; y, =COSX
1 cosx )
W = . =-9nx
‘O - sme
1 ye ye vy
. 0 0 1 (=0
- snx

- COSX - SNX COSX
. i( y@osx + y@sin x) =0
sin x
y¢otgx- y#=0
y@ y€otgx=0

Priklad ¢.36: N§di linearnu diferencidlnu rovnicu bez pravel strany. Je dany
fundamentalny systémrieSeniaz y, =x; vy, =€"

e*(x- 1)

X%ll(yc(x- 1)- yk+y)=0

y(n)_ y¢L+yi:O
x-1 "x-1

(yﬁéx + yke* - ylke” - yex): 0
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Fundamentalny systém

y ™+ p,(x)y" Y + p, (x)y™ 2 + K+ p,, (x)ye+ p,(x)y =0
g(X)=c,y, +C,Y, # Gy, +K+C, Y, +Cy, - fundamentéiny systém.

S pravou stranou:

g(X) = Clyl +C2y2 +C3y3 +K+Cn-lyn-l +Cnyn +C
W

v Qy

Qos

C:

.u‘

Priklad &.37:
y& 2 yer 2 g y =x

1Y 1
Y = Y2 (el )ox
Y, = xc‘)z(x)dx P y$=Cpdx+xz

y$=2z+2z+xz0=2z+ xz¢

2X 2X
xz8+ 2z - X =0
1+ x? 1+x207_d 1+x207_d
xzC+ 27 - 2X2xz=0
+ X
£¢+E- 2X =0
Z X 1+x?

Inz+2Inx- In‘1+ xz‘ =0

z= X —i+1
1+ x> x°
c‘)a;(i+l—d —x(;,—1+x9
a a
Y, =x*- 1

y:clx+c2(x2 - 1)
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Priklad ¢.38:
ye Xy 22Xy gy e
X X
y, =e”ydx b y§=2e* dyzdx+ ze*
y$=4e” Axdx + 4xze® + z0e™
ezx(4c‘)z>dx+4z+zd)- ueZX(ZC‘)z>dx+z) 2—e Ozxdx =0
X X

4c‘)z>dx+4z+ z0¢ iXX(ZC‘)Ddx+ z)- ZX;ch‘)z>dx= 0

c‘)z>dx>q§l- E 2+E- 29+4z+ z¢ ﬂz:O
X X g X

a‘i- X0, 4 2¢=0

X @
£¢+3X-1:O
z X
¢
z _1 3X_£_3
z X X

Inz=Inx- 3x

X
Inz=Inx-Ine*pb z= ~

e
u=x vt=e
ael 1.,
—e O—dX 1 =e - X+ = Xdx=
ut=1 v—-ée g 3 303 s
y :eZX§EX6-3x_EEeSXO 1? 10
2 & 3 33 g 3=*& 3g
y:(;lezx.(;2 X$(+%9
e (%]
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Priklad ¢.39:

Riedte diferencidnu rovnicu spravou stranou y®- Ll y<13+i:L y=x-1, & je dané
X - X -
rieSenie bez pravej strany: y, = x
y, =€
X e 0 ¢

=-(x- 1)e* W, =
‘e e w

W =

=(x- e W, =

c, = ylc‘%dx: xc‘)_((x_%dx: x¢y ddx =- x®

X_
W, « 2 XIX-1 < = = C=e*
¢ :yZCWZdX:e )>(<(-X1)e)X x=e Oeixdxz Ed::):(L \\//:-e'X )

:ex(- xe” - c‘p'xdx):ex(- xe'x+e'x):1- X
y=CY, +CY, +C; +C,
y =CX+C,e +1- x- X
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Diferencidlne rovnice s konstantnymi koeficientmi

y" +ay +a,y I +K+a, yttay=0; al A
r"+ar"t+ar"?*+K+a, r+a =0

n
[o]

y=ce +c,e” +K+c, e +c,e = § [c explrx)
i=1

Priklad ¢.40:

y& 6y¢=0b r?- 6r =0
r,=0Ur, =6

y =c,e” +c,e™

y=c, +c,e™

Priklad ¢.41:

y@- 5y+8y(- 4y =0
r*-5r?+8r-4=0

1 -5 8 -4
1 1 -4 4
1 -4 4 0

r=1p (r-1)r2- 4r+r)=0
(r-2)(r-2?=0
(r-2)(r-2)r-2)=0

Pozor! Koren r,, = 2 je dvojnasobny korex!

y =Ce* +C,e”* +c xe™

Priklad ¢.42:

y€+2y(+4y =0

- 2 -
2+4/2 4>(4:-1ii\/§
2
RieZenie je komplexny koreii by = c,e * sin+/3x + c,e” * cos+/3x

r’+2r+4pb r, =
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Priklad ¢.43:

y&- 3yt+3y(- y=0
r’-3r*+3r-1=0

(r-1°=0

r, =1Ur, =1Ur, =1P trojnésobny korei
y =ce* +c,xe* +c,x’e"

Priklad ¢.44:

y@ - 2y@+y=0
r*-2r’+1=0

(rz- 1)2 =0

r,=1Ur, =1Ur, =-1Ur, =-1

y=ce" +c,xe* +c,e” +c,xe”

Priklad ¢.45:

y@- 4y(+5y(:0

r3- 4r?+5r=0
r(rz- 4r +5):OD r=0Ur%-4r+5=0
4+16-20 . ..
T D
2
r,=0Ur,, = 2+i

y =¢, +c,e” sn X+ c,e”* cosx

Priklad ¢.46:

y® - ay® +4y@ =0b r®- ar®+art=0b r*r*- 4r2+4)=0
r*=0Ur*- 4r>+4=0b r,=r,=r,=r,=0
o _4x16- 404

5,6

™ 2b r,=r,=42U0r, =1, =- 42

y=C, +C,X+C,x2 +¢,x3 +ce’? +cxe’? + e + o xe ?
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Priklad ¢&.47:
Yy +6y@+9y=0p r*+6r2+9=0p 12 =_0F ”‘26' 49 _ 3

r, =+3% Ur,, =- /3
y = ¢, C0S+/3X + €, XC0S+/3X + ¢, Sin+/3x + ¢, Xsin +/3x

Priklad ¢.48:

@ 2yC+5y=0b r2- 2r +5=0p 1., =22 V*7 20 _q4 0y
y& 2yt+5y "

r, =+3% Ur,, =- 43
- X X g
y =€e’c, cos2x +e’c, sin 2x

Priklad ¢.49: Riete danu diferencidinu rovnicu y«- 7y(+10y = A, kde Aje prava
strana dangj diferencialngj rovnice a je zastipena danymi funkciami:

a) A=-12e*

b) A=20x*- 28x+14

0) A=-e* {6x+7)

d) A =65sn 2x

Najprv rieSime danu diferencidlnu rovnicu bez pravej strany (homogénnu):

yC- 7y(+10y =0

r’-7r+10=0

_ 7+4/49- 40

RieSenie spravou stranou hladame ako sUcet rieSenia homogénng diferencidlng
rovnice a partikulérneho riesenia y =y, +y,
a y, =ae™ b y¢=3ae™ b y#=9ae™

y€- 7y(+10y = A

9ae™ - 2lae™ +10ae™ = - 12e*

9a- 21a+10a=-12p a=6pP y, =6e>

Rieseniejeteda: y =c,e™ +c,e” +6e™
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b)

y, =ax’ +bx+cb y¢=2ax+bb y¢=2a

2a- 7x2ax+b)+10{ax® +bx+c)= 20x* - 28x+14
2a- l4ax- 7b+10ax’ +10bx +10c = 20x* - 28x +14
10a =20

- 14a+10b =-28

2a- 7b+10c =14

a=2, b=0, c=1b y =2x*+1

Rieseniejeteda y =c,e™ +c,e™ +2x* +1

c) y, = (ax+b)xe™, pretoze ¢ido 2 je korefiom homogénnej rovnice

d)

Y, = (ax2 + bx)>«e2
y§ = (2ax -+ b) e + 2x{ax® + bx)xe’
Y@= 2ae” +2{2ax+b) %> +22ax+ b)xe> + 4x{ax® +bx) " =
= 2ae™ + (Bax + 4b) %™ + (4ax® + 4bx)>e?
286 + (Bax + 4b)e™ + (4ax? + 4bx)Je? - (14ax+ 7b)e? - (14ax® +14bx)e™ +
(10ax? +10bx)xe* = (- 6x- 7)e*
2a+8ax+4b+4ax® +4bx - 14ax- 7b- 14ax® - 14bx+10ax” +10bx = - 6X- 7
2a- 6ax- 3p=-6x-7
-ba=-6bP a=1
2a-3b=-7b b=3
Y, = (%2 +3x)e?

RieSenieje teda: y = c,e™ +c,e™ + (x+ 3)xx>e*

2X%m

y, =a*xe”, pretoZe funkcia sinus je imaginarnou zlozkou komplexného cida

y¢ =26 xaxe®™n b y@=- 4xa "
- dxaxe®in - 145 xa xe?m +10xa xe?in = 65 xg?
- 4a- 14ia+10a =65
65 _6+14i _ 390+910i _ 390+ 910i
6-14i 6+14i 36+196 232

6a- 1ldia=65b a=

Imy, =1 §QQO+910 0><(0052x+| >sin 2x) @xsin 2x+% XCOS2X
232 232 g b 232 232

Imy, :%(SSin 2x + 7c0S2Xx)

RieSeniejeteda: y =c,e”™ +c,e” + 16—156(39n 2x +7c0s2X)
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Priklad ¢.50:

y@&- 2y¢+10y = 37 cos3x = 37 cos3xe™

+./4 -
r’-2r+10=0P r, :2_—:402113

—_— X X
Y, =C,e" cos3x + C,e" Sn3x

y, =ae™* p y¢=3ae™™ b y¢=-9ae™

- 9ae®* - Giae®™* +10ae®* = 37

a- 6ia=37
37 1+6i 37+222i .
a= s - = =1+6i
1- 61 1+6i 37

Yo = Re[(1+ 6 )xcos3x +i>sin 3x)]

Y, = COs3X + - 6>8in 3X

Y=Y tY,

y = ¢,e" cos3x + C,e* sin3x + cos3x + - 6>5in 3x

Priklad ¢.51:

y&- 7y¢+10y =8e* sin x

_ 7+4/49- 40

r’-7r+10=0pP r,, = > P r,=5Ur, =

— 5X 2X
yh - Cle + Cze

Yo = a>ex>(2+i)|m b y, = (2+i)>a>ex>(2+i)lm b y, = (2+|)2 >@_>@X>€2+i)lm
(2+i)2 >@_>ex>(2+i)|m _ 7(2+i)>a>ex>(2+i)|m +1O>a>ex>(2+i)lm — 8>e(2x+i)""
(2+i) xa- 7(2+i)xa+10xa =8

-a-3a=8

8 1+3_ 4 .12

a= : = C 4+
-1-3 -1+3 5 5
ypzlmgf ﬂ+2i9><(cosx+i>4sinx)ezxg
€5 59 u
y, = & 2 ginx+ 22 cosx@= 2 e 3xcosx- sinx)
e 5 5 g 5

4 .
y =™ +c,e” 2 e {3xcosx- sin x)
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Princip superpozicie
Priklad ¢.52:

y@& 6yC+ 9y =3x- 8

r’-6r+9=0p rLZ:Gi— '?;6'36:3D y, =C,e¥ +c,xe*

Yu =ax+bP y§ =ab y§ =0 Y, =ae* b y¢, =ae* b y§ = ae”
0- 6a+9xax+b)=3x ae” - 6ae* +9ae* = - 8e*

9ax +9b- 6a = 3x 4a=-8p a=-2

9a=3b a:% Yo, =- 26"

%- 6a=0b %b- 6-=0b b=2
3 9

12
n 73"

1 2
Y=Vh t Yt Y, P y=ce® +c,xe* HoXFS 2e*

Priklad ¢.53:

y&+ y¢ 6y = x+¢e*
_-1+x41+24

r’+r-6=0b r, = > b r =-3Ur,=

— - 3x 2X
Y, =ce > +c,e

ym=ax+bb yf=ab y§=0 y -ae'b yf =ae’b y§ =ae"
0+a- 6ax+b)=x

ae* + ae* - bae* =¢e*

a- 6b- 6ax=x - da=1
-6a=1b a:-l a—-i

6 =

1 4
- = - 1 «
a-6b=0bP b % ypzz_ze

_ 1.1

Yn =" 5% 35
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Priklad ¢.54:

X

ya@- 2y¢+y:e—
X

r2-2r+1=0p 1, =1bP y, =ce*+c,xe* b f(x)=e€*, f,(x)=xe*, g(x)=—

e xe
w=" 7 =e”(l+x)- e”x=¢e"
e e*+xe
0 xe* e*
W =gt . |=-xe"—=-¢&
— € +Xe X
X
ex O 2x
e
W,=|, €=
e — X
X
2x
\- e Y
yl—yplzexoerx:exo 1xdx = - xe*
1 2X

N N
Y,=Yy = xexoxerx: xexo)zdx: xe* In x

y=ce* +c,xe* - xe* +xe*Inx

Priklad ¢&.55:
y@+y:_i
sin x
r’+1=0pP r, =+iP Yy, =C,COSX+C,SinX
. 1
f.(x)=cosx, f,(x)=9nkX, X)=—
(4 (=sinx, o)=L

cosx sinx ) .
= . =Cos" X+s9n“x=1
-9nXx Cos
0 sin X
= 1 =.
W, —~ cos 1
sn x
W - COSX 0 _ cosx
2_-SinX E— _S'nx
sn x

Y=Yy = cosxc‘)_Tldx = - XCOSX

. .COSX : :
Y, =Y, =sinxd—dx=sinxlIn|sin ¥
sin x

Yy =, cosX+C,sin x- xcosx +sinxIn|sin X
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Priklad ¢.56: Riedte danu diferencidlnu rovnicu y€- 6y(+9y = A, kde Aje prava
strana dangj diferenciangj rovnice a je zastipena danymi funkciami:

a) A=x%e¥ d) A = XC0S2X
b) A=¢"sn3x €) A= x’e¥
C) A= xe* f) A=2sinx

Najprv rieSime danu diferencidlnu rovnicu bez pravej strany (homogénnu):
yC- 6y(+9y =0

r’-6r+9=0p r,=3

=ce™ +c,xe”

RieSenie spravou stranou hladame ako sUcet rieSenia homogénng diferencidlng
rovnice a partikulérneho riesenia y =y, +y,

a) y, = (@ +bx+c)e”
yg = (2ax +b)xe® +4xax® +bx +c)e”
Y@= 2ae™ +4x{2ax+b) e +4x2ax +b)>e™ +16ax® +bx + c) "
y@ = 2ae™ +8x2ax +b)>e™ +16Xax® +bx+ c)e
2ae™ +8x2ax +b) %" +16ax? +bx + c)xe™ -
- 6{(2ax+ b) ™ + 4x{ax? +bx + c)xe™ |+ 9{ax? + bx + )™ = x%e™
ax® +4ax+bx+2a+2b+c=x°
a=1
da+b=0 P b=-4
2a+2b+c=0P c=6

Y, = (x2 - 4x+6)>«e4

4x

Rieseniejeteda: y =c,e™ +c,xe* + (x2 - AX+ 6)>e

XKL+3 ),y

b) y, =axe
y%. - a>(1+ 3i)>ex>(l+3i)lm
— a>(1 + 3i)2 >ex>(l+3i),m
a><(1 + 3i)2 >qu><>(1+3i)lm _ 6>G.>‘(l + a-)>ex>(1+3i)|m + gxa>ex>(1+3i)lm — ex>(1+3i),m
ax1+6i- 9)- a{6+18i)+9xa=1
ax- 8+6i- 6- 18 +9)=

1 -5+12 5 12
-5-12i -5+12i 169 169

ypzlmeya 5 12 o

ax-5-12i)=1pb a=

& —— =x{(cos3x +i xain 3x) e E:iex(120053x- 5sin 3x)
& 169 169 5 0~ 169

RieSeniejeteda: y = ce®™ +c,xe™ + ﬁex (12cos3x - 5sin3x)
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c) y, = (ax+b)xx? ™, pretoze 3 je v tomto pripade trojnasobny koret
Y, = (ax3 + bxz)
y¢ = (3ax? + 20x) 56> +3x{ax® +x? )™
y@= (6ax+2b) e +33ax® + 2bx)xe> + 3><(3ax + 2bx)>e3x +9x{ax® +bx? )™
y8=9x{ax® +bx?)xe™ + 63ax® + 2bx) e + (6ax + 2b)
9xax® +bx?)xe™ +6x3ax? + 2bx)e™ + (6ax+ 2b) %™ - 6x3ax? + 2bx)
- 18x{ax® +bx? )>e3x+9><(ax +bx?)e® —x>e3x

6ax+2b=x

6a=1b a:E
6

2b=0b b=0

1 33
yp ZEXSe:%

e 1
Rieseniejeteda: y = c,e™ +c,xe* +Ex3e3X

d) y, =(ax+b)e
y§ = axe™* +2> ax +b) e
y& = 25 xa @™ + 2> xaxe™ - 4x{ax +b)xe*
y8 = 45 xa @™ - 4x{ax+b)xe**
4% xa- 4ax+b)- 6{a+2% {ax+b)|+9xax+b) =
4ai - 4ax- 4b- 6a- 12axi - 12bi +9ax +9b = x

1 5+12I 5 + 12 .

5a- 12ai =1b a=
5-12i 5+12i 169 169
5b- 12bi- 6a+4ai =0b bX5- 12i)+ax- 6+4i)=0

bx5- 12i) = &> + 12945 4)_@(30 20|+72|+48)—1—69(78+52|)

$160 169 g

_ 1 78+52 5+12i _ 1 e 234 119 ¢

160 5-12i 5+12 169 & 160 169 g

1 e 234, 119 4l
G-

" 169 & 169 169 gl

_13182x- 234 8788x+1192 .
Y, = ———5——C0S3x- ———————sin3x
169 169

= Re. ? {78+ 52i )x

(cos2x +i>ain 2x)g

Rieseniejeteda: y = c,e™ +c,xe* +%m£x- %én 3x
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ey, = (ax2 +bx + c)><x2 x¥ | pretoZe 3 je v tomto pripade trojnésobny korei
Y, = (ax4 +bx® + cx2)>e3X
y¢ = (4ax® +3bx* + 2cx) e + 3><(ax4 +bx® + cx2)>e‘°‘x
y¢ = (12ax* + 6bx + 2c) x> + 3><(4ax3 +3bx* + 2cx) x> +

+ 3><(4ax3 +3bx* + 2cx) x> +9 ><(ax4 +bx® +cx’ )>e3x
y¢= (12ax? + 6bx + 2¢)xe™ + 6 {4ax® + 30x* + 20x) €™ +9x{ax? +bx® + ox? )

(12ax? +6x + 2) + 6 {4ax® + 3bx® + 20x) + 9{ax* +bx® + ox?)-
- 6><{(4ax3 +30x% +20x) + 3{ax* +bx’ +cx2)]+9><(ax“ +bx® +0x2)= X
12ax’ +6bx +2c = X°

1

12a=1bp a=—
12

6b=0b b=0
2c=0b c=0

X

Dy 1
Rieseniejeteda: y = c,e™ +c,xe* +EXX4 e®

f) y, =axe™n
y¢ =i xaxe™m
y§=- axe™n

i %

- axe™in - X xaxe™n +9xgxein = 2 xg
-a-6x4xa+9xa=2
8a- 6ia=2pb 4a- 3a=1
1 4+ 3 4 3.
= X = 4+ |
4-3 4+3 25 25
y, = Im(?%S {4 +3i)qcos3x +i >sin3x)§:2i5>(3005x+4sin X)

8

RieSeniejeteda: y = ce®™ +c,xe™ + %3 {(3cosx + 4sin x)
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Systémy diferencialnych rovnic
Elimina¢na metéda
Priklad ¢&.57:

X(=y+1; x:x(t)
yt=x+1; y:y(t)b x=y¢1p x¢=y@¢

y=y+1b y@# y=1
Najskoér riesime homogénnu diferencidlnu rovnicu:
r’-1=0b r=#1

y, =ce +ce’

RieSenie partikulérne (rieSenie s pravou stranou):
yp —ab y% :yg =0

0-a=1b a=-1

y,=-1

Y=Y,tYy, :Clet '*'C"ze-t -1

(
Pre funkciu x(t) potom plati: x=(c€ +c,e'-1) -1b x=ce' - ce'- 1

Priklad ¢.58:

X(=y+t

yé=x-thb x=ylt+tb xC=y®+1

y@t+l=y+th y¢& y=t-1

Homogénna diferencidlnarovnicaa  y«- y=0
r’-1=0b r=#1
Y, =Ce€' +ce’

Partikularneriesenie: y, =at+bbP y( =ab y(=0
0- (at+b)=t-1
-at-b=t-1
-a=1U-b=-1p a=-1Ub=1
y,=-t+1

RieSenie systému diferencidinych rovnic: ~ y=ce' +c,e’ - t+1

(
X=yl+tp x:(clet +c,e’' - t+1) +tb x=cge -ce' +t-1
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Priklad ¢.59:

4xC(- y(+3x =dgint
x¢+y=costbp y=cost- xtb y¢=-gdgnt- x¢
4x¢- (- sint- x@+3x =sint

4xC+ x®+3x =0
Homogénna diferencidlnarovnica:  x€+ 4x(+3x =0

(
y = cost - (cle't +c2e'3t) = cost - ( ce’- 302e'3‘)
RieSenie systému diferencidnych rovnic. ~ y=cost+ce " +3c,e’™ .

x=ce'+c,e™

Priklad ¢.60:

y& z=0p z=yep z¢=yl
z¢ y=0

y“-y=0
Homogénna diferencidinarovnica  y“- y=0
r-1=0p r*=1pP r, =+1Ur,, = i

— t -t H
y=ce +c,e"' +c,cost +¢,sint

2
z:(clet +c,e' +c, cost+c4sint) =ce +c,e' - c cost - ¢, sint

RieSenie systému diferencidinych rovnic:. ~ y=ce€' +c,e ' +c,cost +c, sint

z=ce€ +c,e'- c,cost- c,snt
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Priklad ¢.61:

X(=-Xx- 2y
y¢=3x+4y
&xXW_eel - 20 ax0
66 &3 a5%;
‘-14 -2

3 4 |‘:(' 1-1)4-1)- (- 28=17-3 +2=0

+4/9- <
L

kde |, shvlastne cidamatice
el-l, -2¢ @l-1 -20

_ o_ce
€ 3 41,583 4-1; &3
el-l, -20 21-2 -2¢6 23
€ 3 4-|2§_§ 3 4.25 £3

2t

- 20 &l o
=P x; = e

35 &1

-2 2
% x, &2

0 o8 0 X0 x=c, ' + 2>,

e
ge - 3 %sz Yra y=-¢ € - 3x, "

Ing. DuSan Botka

kde pre x, musi platit, ze sicin x, sprislichajicou maticou (na hlavng diagondle

odcitame vlastné ¢ido | ;) sarovnaO.
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Priklad ¢.62:

X¢=2x-y+z ax® & -1 1oae<o
y¢=x+2y- zb gy@:gl 2 -1 >1;y_

z0=x- y+2z &z8; &1 -1 258&z4

vlastné ¢ida:

2-1 -1 1
1 2-1 -1)|=@-1)P+1-1-(2-1)-(2-1)+(2-1)=(2-1)*- (2-1)
1 -1 2-1

=8-121 +61%-1°-2+] =6-11 +61°-1°=0
|, =1Ul ,=2Ul , =3
RieSenie vektorov x; prevlastné cidamatice | ; =1, 2, 3:

8@ -1 19 g@'o
d 1 -1:b x, =¢le
g o-1 1 &1y
8@ -1 19 aéo
(;;1 0 -1-P X, = (;l>@
&l -1 0y &5
831 -1 19 8&9
¢ 1 -1 -1:P x, =50
1 -1 -1y &1

a) e eoaezlo axXo x=c,x" +c, e

¢

ce' e 0+ >i;c _—gy P y=c x +c,x”

e e e %, &5 z=c e +c, e +c, e
Priklad ¢.63:

x¢+ x- 8y=0 ae(g(_ael 80 ax0
o x-y=0 " 5781 157

-1-1 8
vlastné gida 1_|‘=(- 1-1){1-1)-84=12-9=0pb |, =43
e 4 80 B0 4 24 0
pre |, =3 P x, =g =x pre |, —D X, =g 0
€1 -2 T 5
a2 xe” 4>e3toae:10 X0 x=2xc, e +4xc, e
e .ev5kc,, Vo y=c e’ - c, e’
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Priklad ¢.64:
X¢=x+y a6 @l 16 axo
yé=-2x+3y gyg g 2 3ﬂ>§YQ

-1 , _
vlastné cisa: > 3o =0P 1°-4l +5=0P | ,, =2+

1-i 16 - "
| =2+ib & 2x=0p x:é et = g2t Oti "
€. 2 10 2 5 %2,& ”éo

e" =cost+isintb x=¢* —+|>§ >(cost+|>e|nt)

X, —rednazlozka b x, =e* *COSt - —>s|nt
1 1 ngg go 3

o . 16 u
X, —imagindrnazlozka b x, =e* xg >s|nt +& —>«:ostu
2 a

Potom rieSenim bude:

a@” xcost + e* xant e” »sint - €* xcost 0 a8, 0_ a0
2> xcost 2>e” xEnt E, Cy &g

x = ¢, x® qcost +sint)+c, xe® {sint - cost)

y = 2>, >e* xcost + 2xc, x* xsint

Priklad ¢.65:
(
X¢= X+ 6 @l 19 1- 1 1
_ Y p ae<g & —avlastneclsla =0b | ,,=%2
-5 y® Bt E s 5 -1ni|T e R
-2 1 6 1+2i :
I :2ibé 2x=0pb x=F g 2t —+|
€.5 .12 5 @0
) Z 1.. PR
e =cos2t +i>sin 2t b ng g+i>§%><(0052t+i>sin2t)
16 ) 16 )
:Ee %«:osZt- ?gxsinZt X" =& g>sin2t+aég>«:052t
lg @ lg Og
aX0_ ge COS2t +2sin 2t - SN2t +2c0s2ty &, ¢
gya g cos2t sin 2t 5 &C, 5
x =¢,(2sin 2t - cos2t)+c,(2cos2t - sin2t)
y = ¢, (cos2t) +c,(sin 2t)
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Priklad ¢.66:
- 10 ax - .
g g T —avlastneclsla ‘:OD I, =2%i
Yo 1 2@ Y;a -2 3-1 E—
& -
| =2+ib —><x ob x= xgl2) = g2t —+|
gl -ig g ';a xgoﬂ % 1

e" =cost +is>sintp x=e* % —+|>§ >(cost+|>e|nt)

¢ =g xcost - e —>s|nt X" = e aég>4sint+e2t aeog><:ost
’Eog ”é > =% %op %5

0_oe” >cost e snt 0 a8 0 o, X = ¢, >&” xcost + ¢, >&” >sint

X
gyg ge” xint - e >costy &C, 5 Y =, %% sint - ¢, %? xcost

Priklad ¢.67:

x¢=2x+y ae(g( &2 1 0989@

ye=x+3y-z b gy;=§1 3 -1y

26=-x+2y+3z &z5 &1 2 35%z4

2-1 1 0

1 3-1 -1{=0p |,=2Ul,,=3%i

-1 2  3-1

SEO 1 09 (f,aib

¢l 1 -1><x—0bx—(;0>e

S12 15 S

éaal-i 1 OC') éae 10 &e 10 EEOCU

$ 1 -0 -1ox=0b x=¢-1-i e =¢? xg-l +|>@ 1_u><(cost+|>e|nt)

S 12 i G 2+ig &2 S1
%elo geOO u gelo geOo u

x5 = xg;; 1+xcost - ¢- 1+ >s|nt3 xy" =e¥ - Losint +¢- 1+ mostﬂ
& 25 &1 f &2 &1y H

X0 8@” - e” xcost - ¥ dnt an:lo

gyézgo e qsint- cost) - e* Xsint +cost) = >«(;c2

§z; &* e A- 2cost- snt) e* {- 2sint +cost),; &, 5
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Diferencidlne rovnice — zbierka prikladov.

Veierova tedria
Pre trojnasobny korei:

a) m=3p h =0; s,=3

(A-1>E)%, =0 Ky | Ky | Kys
— mélo sa vyskytuje — vynimocny

b) m=2b h =1; s, =2

m =3P s, =1

(A-1E) %, =0 X x, =k, %"
(A_I >4E)>4‘(Zl:kll 1('_11 1.;’_12 X2:k12 >elt
(A-1>E)%, =0 X

Ing. DuSan Botka

kdel jekorei (vlastné ¢islo matice), vektory k; musia byt linearne nezavisé

C) m=1p h =2; s, =1

m =2p s, =1

m =3P s, =1

(A-1 €)%, =0 Ky | X, = kg, %€
(A'I ><E)><k31:k21 k21 Xzz( 11>‘t
(A-1 €)%k, =k, =(A-1E) %, |k

= X3 = ?ll
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Priklad ¢.68:
X¢=-4x+2y+52 ae<9( &4 2 5085‘(0

y¢=6x- y-6z b gy%=86 -1 -6 >i;Y—
26=-8x+3y+9z &z %8 3 9%z,

-4-1 2 5
6 -1-1 -6|=0p1,=2Ul,,=1
-8 3 9- 1|
Méame dvojnasobny kore!
®6 2 59 el
I1:2:86 -3-6><><—OIDXl g-2>e
&8 3 74 25
®5 2 50
| s :1:8 6 -2 - 6=, zstimeposet linedrne nezavislych riadkov (stipcov):
&8 3 84
®5 2 50 @& 0 -19 n = rozmer - hodnost’
I2’3:1:86 -2 -6;:80 -2 0zP h=2;m=3-2=1
&8 3 845 % 3 04 s,=m =1
835 2 S50&e5 2 59 8133 1 39 h, =1
66 -2 -6:¢6 -2 -6:=¢6 -2 -6: b m=3-1=2
-8 3 5% 8 3 85 &6 2 64 s,=m-m=2-1=1
@3 1 39 80
¢ - ¢~ Ky
¢6 -2 -6k, =0P k; =3+ >
&6 2 65 &5 =
25 2 50 @5 2 50880 @0
ky=¢6 -2 -6:Ky,=¢6 -2 -6:x3:=¢0+
&8 3 835 &8 3 8385 &y
8@9 €4 o géou
XZZ(;;O+>Q=Jt X, —g;;;o >¢+g3%>€
G5 15 S
o @ e ¢ (t+1)>eoae:1 x=c, %* +c, % +c, qt +1)%'
gy%:(;-2>«ezt 0 3% —>i;c_ b y=-2x,%? +3x, %
Sz5 S2e* & e [ Sp z=25¢, % +¢, X' +¢, X e
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Ing. DuSan Botka

Priklad ¢.69:
xC¢=2x- 2y- 4z 2-r -2 -4
y¢=4y+4z 0O 4-r 4/=0bPr,;=2
20=-y 0 -1 -
a® -2 -40 h=1
(A-tE)=¢0 2 41 m=3-1=2 Kg
%0 -1 -25 s,=2=m K| K
h, =1
(A-rEf=0p m, =3
s, =1
a0 a@-2-4oa@o ® 20 a0 0
Kn=cle ky=c0 2 4 @1__(;2_ =¢2:
&05 € -1 -2;85 gl & 15
e 20 2006 ér 20 adou
xl=(;2i>1=32t x2=821>«azt X, _gz >¢+gl_u>e
615 G 15 €15 S
X0 8@ 2" 0 2te” 0 a0 x =-2c,e” - 2tc,e”
gz;= c2e* 2% (2t+1)e? %cz - b y=2ce® +2c,e® +(2t +1)c,e?
Syy et -e*  te? _Scg z=ce” - c,e® +tc,e”
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Diferencidlne rovnice — zbierka prikladov.

Priklad ¢.70:
X(=-2x+y- 2z -2-r1 1 -2
y¢=x- 2y+2z 1 -2-r 2 |=0
z¢=3x- 3y +5z 3 -3 5-r
r’-r?+5r-3=0pP r,=3; r,,=-1
&5 1 -20 2l o
n=3:¢1 -5 21b x =g loe®
€3 -3 25 & 35
2l 1 -26 h=1
r2,3:81 -1 Ziml:Z Ky | Ky
3 -3 64s,=
a0 a0
_ _G.7 _ _&7
(A-rE)xk, =0P k,, =¢1s (A-rE)xk, =0b k,, =¢2+
&0 &5
X, =k, ' Xy, =k,
axo e’ €' 0 0ago x=ce” +c,e"
gz::g- e’ e 2et;>%c; P y=-ce*+ce'+2ce’
Sy &3* 0 €' %, z=-3ce” +cet
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Ing. DuSan Botka

Priklad ¢.71:
X(=x-3y+3z 1-r -3 3
y¢=-2x- 6y+13z |-2 -6-r 13|=00 r®-3r?*+3r+1=00 r,,, =
z0=x- 4y +8z 1 -4 8-r
geo -3 3¢ h=2 Ky
(A-rE)=¢-2 -7 13: m=1 K,
1 -4 75 s,=1 Ky
& 9 -18) h,=1
(A-rE)Z:gl -3 -6% m, =2
%1 3 -645 s,=1
8@ 0 0% h, =0
(A-ref=¢0 0 o%:o m =3
%0 0 0y s, =1
a0 20 0
3 _ _G _ ¢ =
(A-rE)’ %y =0P ky =¢0+ (A-rE)xky =ky P ky =¢- 2+
&0 & 15
B0 289
(A-rE)? %k, =ky P ky =¢1+P x, =l
&y &g
€80 a0 €86 , =006 a4

X, = QLo+ G 20be s X, = 1 + & 25x+ 0

- Ty - 2 - =’
&, & 14 &y~ &1 EOH
B e Pk
0 ¢ €2 0 *agp
Syi=fet (t-2) %tz- 2% e, -
&z5 € € 2 ez
Cet (-1 Bz %
g e2 g o
x =3c,e" +3tc,€' +8§t2 +1.c—:.)c3et
e2 1)

y=ce' +(t- 2)c,e +8§t2 - 2%e
ez )

z=ce +(t- Lc,e +8ét2 - t%,e
ez )

Strana 52
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Metoda variacie konstant

Plati vztah: x(t) = FC+F x(F () %oft) xt

Priklad ¢.72:
X¢=-x- 2y +2¢e" %_E@e‘tg
y=3x+4y+e’ ge't p
_el -20
§3 45
el-1 -29 )
(A-1E)= b det(A-1E)=1%-3 +2
§3 415
12-3 +2=0b r,=1;r,=2
-2 &l 0
r=1p (A-1E):§e3 %p E 15@
&3 -20 220
r,=2b (A 2E):g3 gp X, = 3; 2
ée 26" U . T_eet -e'u
F=¢ xuP OetF =-3¢" b F N 2
g&e -3 eZe -3
Fio 1 & 3* -2e"0_¢€3e" 2e'u
deth e' €' H g-e'” -e‘ZtH

F () =
() § e? -e? kel g-?;e3t

5
N 28e? © 9833 T @4

*b(t)>dt = ot =¢ +=
d: %_ Se-Btb g 3_e g

Q- IO

t

Xl(t):aeet 2e2t2t'c'm:19 882.? 8 §e<o
§- e 3e § e g éYg
x=ce€ +2c,e” - 2"

y=-ce' - 3c,e”
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